Abstract. In this work, we introduce the notion of globalization for partial module coalgebra and for partial comodule coalgebra. We show that every partial module coalgebra is globalizable and we prove that the globalization for a partial comodule coalgebra there also exists provided a certain rationality condition.
Introduction
Partial action appeared firstly in the context of operators algebra (cf. [12] ). The theory took a new course by Dokuchaev and Exel in [10] , explored in a purely algebraic point of view, obtaining several of the classical results in the setting of partial actions of groups and covering the actions of groups. The actions of Hopf algebras on algebras as defined in [13, 15] also generalize the theory of actions of groups (cf. [13, Example 4.1.6]). In both contexts, partial actions of groups and actions of Hopf algebras, extensive theories was developed, where we highlight the Morita and Galois theories. As a natural task, Caenepeel and Janssen in [7] introduced the concept of partial actions of Hopf algebras on algebras, the so called partial module algebras. This new theory arose unifying all the above theories.
The globalization process, which consist in build an action of a group such that a given partial action can be seen inside it, was first described by Abadie (cf. [1] ) and it plays an important role in the context of partial actions of groups. Alves and Batista successfully translated it to the new context of partial module algebras (cf. [2, 3] ).
Furthermore, the structure of Hopf algebra allows us to define new elements in the theory, the comodule algebra and the partial comodule algebra, which consist in dualize the module structure of the module algebra and the partial module algebra respectively [7] . Once again, Alves and Batista has shown the relation between the structures through a globalization (cf. [4] ). Following this line of thought, it still remains to dualize the algebra in which the Hopf algebra is partially acting and study its properties.
Partial module coalgebra and partial comodule coalgebra are the dual notions of partial module algebra and partial comodule algebra respectively. All these four partial structures are closely related. Batista and Vercruysse studied these dual structures, showing some interesting properties between them (cf. [5] ). Our aim in this work is to study these above mentioned aspects in the setting of partial module coalgebras and partial comodule coalgebras, relating the results with the corresponding results obtained by Alves and Batista in [3] .
This work is organized as follows. In the second section we recall some preliminary results which are necessary for a full understanding of this work.
The third section is devoted to the study of partial actions on coalgebras. We see the correspondence between this new structure and the partial module algebra, some examples and useful properties. The purpose in this section is to discuss the existence of a globalization for partial action on coalgebras. We start by introducing the notion of induced partial action on coalgebras and showing how to obtain it via a comultiplicative projection satisfying a special condition (see Proposition 3.16) . After that, we define a globalization for partial module coalgebras (see Definition 3.18) and we also discuss its affinity with the well known notion of globalization for partial module algebra, obtaining a direct relation between them. Finally, we construct a globalization for any given partial module coalgebra, called the standard globalization (see Theorem 3.21 ).
In the fourth section, we study partial coactions on coalgebras. We present some examples and important properties related to this new partial structure. We also show a correspondence among all of these four partial structures studied in this work, sometimes asking for special conditions like density of the finite dual of a Hopf algebra on its dual, or finite dimensionality of the involved Hopf algebra. In a similar way as made in Section 3, we define the induced partial coaction assuming the existence of a comultiplicative projection satisfying a special condition (see Proposition 4.19) . After that, we define globalization for partial comodule coalgebra (see Definition 4.20) and relate it with the notion of partial module coalgebra earlier defined in Section 3 (see Theorem 4.22) . Under some hypothesis concerning to rational modules, we show that every partial comodule coalgebra is globalizable, constructing the standard globalization for it (see Theorem 4.23).
Along all this paper k denotes a field, all objects are k-vector spaces (i.e. algebra, coalgebra, Hopf algebra, etc, mean respectively k-algebra, k-coalgebra, k-Hopf algebra, etc), linear maps mean k-linear maps and unadorned tensor product means ⊗ k .
In a context of (partial) actions on algebras, it is usual to assume that all modules are left modules. In order to respect the correspondences between all the four structures (see Sections 3 and 4), we assume the following convention: (partial) module algebras are left (partial) module algebras; (partial) comodule algebras are right (partial) comodule algebras; (partial) module coalgebras are right (partial) module coalgebras; and (partial) comodule coalgebras are left (partial) comodule coalgebras.
Preliminaries
This section is devoted to remember some basic facts from the classical Hopf algebra theory as well as from the theory of partial actions of Hopf algebras.
Hopf algebras.
Definition 2.1 (Bialgebra). A bialgebra is a quintuple (B, m, u, ∆, ε), where (B, m, u) is an algebra and (B, ∆, ε) is a coalgebra, such that the algebra and the coalgebra structures are compatible in the sense that one of the following equivalent conditions hold:
(1) ∆ and ε are algebra morphisms; (2) m and u are coalgebra morphisms.
We use the Sweedler's notation for the comultiplication of a coalgebra C, i.e., we denote the comultiplication of an element c ∈ C by
where the summation is understood.
When we have a bialgebra B we can consider a special kind of module that respects the coalgebra structure of B.
Definition 2.2 (Module algebra). Let B be a bialgebra, A an algebra and ⊲ : B ⊗ A → A a linear map. We say that (A, ⊲) is a left B-module algebra if the following conditions hold:
Given a coalgebra C = (C, ∆, ε) and an algebra A = (A, m, u), one can consider a new algebra, called the convolution algebra of C and A, defined as (Hom(C, A), * , u • ε), where * is called the convolution product and it is given by f * g = m • (f ⊗ g) • ∆, for every f, g ∈ Hom(C, A). Under this notation, if c ∈ C and f, g ∈ Hom(C, A) then we write (f * g)(c) = f (c 1 )g(c 2 ) to denote the image of the element c in C by the map f * g. We observe that when A = k then the convolution algebra of C and k is exactly the dual algebra of C which is also denoted by C * (= Hom(C, k)). Now we are in position to present the notion of Hopf algebra.
Definition 2.3 (Hopf algebra).
A Hopf algebra is a sextuple (H, m, u, ∆, ε, S), where (H, m, u, ∆, ε) is a bialgebra and the linear map S : H → H is a convolutive inverse of the identity map I : H → H in the convolution algebra Hom(H, H), i.e., if S satisfies the following equality:
The above map S is called the antipode of H. Thus, a Hopf algebra is a bialgebra that has an antipode. In the next result we summarize some useful properties of the antipode of a Hopf algebra (cf. [9] ). Proposition 2.4. Let H be a Hopf algebra with antipode S. Then the following properties hold:
(1) S(hg) = S(g)S(h);
Remark 2.5. When H is a Hopf algebra, instead of a bialgebra, in Definition 2.2, the axiom (MA4) is a consequence of the others ones.
In fact, let h ∈ H, so
From now on, H denotes a Hopf algebra over the field k with antipode S.
2.2.
Partial module algebra. The theory of partial module algebras started with Caenepeel and Janssen in [7] . It was developed in a sequence of papers authored by Alves and Batista (cf. [2] [3] [4] ), among others. In this subsection we recall some definitions and properties useful to the development of the next sections.
Definition 2.6. Partial module algebra Given an algebra A and a linear map → : H ⊗ A → A. We say that (A, →) is a left partial H-module algebra, if the following conditions are satisfied, for all h, k ∈ H and a, b ∈ A:
. We say that the partial action → is symmetric if, in addition, we have the following condition:
We observe that the conditions (P M A2) and (P M A3) can be replaced by
for all h, g ∈ H and a, b ∈ A. This fact allows to define partial actions on non unital algebras. However, we keep working with unital algebras.
Proposition 2.7. Let B be a (non necessarily unital) H-module algebra via ⊲ : H ⊗ B → B and
A a right ideal of B such that A is also a unital algebra. Then the linear map → :
Definition 2.8 (Globalization for partial module algebra). Let A be a partial H-module algebra. We say that a pair (B, θ) is a globalization for A, if B is a (non necessarily unital) H-module algebra via ⊲ : H ⊗ B → B, θ : A → B is an algebra monomorphism, and the following conditions hold: (GMA1) θ(A) is a right ideal of B;
(GMA2) the partial action on A is equivalent to the partial action induced by
(GMA3) B is the H-module algebra generated by θ(A), that is, B = H ⊲ θ(A).
Theorem 2.9 ([3, Theorem 1]). Any partial H-module algebra has a globalization.
Alves and Batista showed the above theorem constructing the standard globalization as a subalgebra of Hom(H, A).
Partial actions on coalgebras
The problem of the existence of globalization for partial actions of groups on algebras was considered by Dokuchaev and Exel in [10] and necessary and sufficient conditions were obtained (cf. [10, Theorem 4.5] ). Inspired by this work, Alves and Batista studied the same problem for partial actions of Hopf algebras on algebras and they proved in [3] that every partial H-module algebra has a globalization (cf. [3, Theorem 1] ).
In this section we discuss the existence of a globalization for a partial module coalgebra. In particular, we prove that they always exist by constructing a globalization so called the standard one. Moreover, we present a close relation between the globalizations for partial H-module algebras and for partial H-module coalgebras.
3.1. Partial module coalgebras. We start presenting the concept of (partial) H-module coalgebra. Also, we give some examples of this structure as well as we study the relations between the corresponding global and partial structures. 
In this case we say that the Hopf algebra H acts on D via ◭, or that ◭ is an action of H on D. We sometimes use the terminology global module algebra to differ the above structure from the partial one.
The above definition can be seen in a categorical sense, as follows (cf. [14, Definition 11.2.8]): a k-vector space D is said a right H-module coalgebra if it is a coalgebra object in the category of right H-modules.
Note that from this categorical approach, it is required a fourth property for D to become an H-module coalgebra. More precisely, we need to require the following equality:
In the case when H is simply a bialgebra, this fourth condition is necessary. But under the more strong hypothesis that H is a Hopf algebra (and so it has an antipode), this additional condition is a consequence from the others axioms of Definition 3.1, as the next result shows. 
Remark 3.3. From Definition 3.1 and Proposition 3.2 it follows that one can define, without loss of generality, module coalgebra for non-counital coalgebras, and both definitions coincide when the coalgebra is counital.
Now we present some examples of module coalgebras. The first one is the canonical, which says that any Hopf algebra is a module coalgebra over itself. Also, we present a standard method to construct new module coalgebras from any given module coalgebra.
Example 3.4. Any Hopf algebra H is a right H-module coalgebra by right multiplication.
Example 3.5. If C is a coalgebra and D is a right H-module coalgebra, then C ⊗ D is a right H-module coalgebra with action given by (c
From the definition of partial actions of group, Caenepeel and Janssen developed the notion of partial module algebras generalizing the global ones. Since a module coalgebra can be seen as a dualization of a module algebra (cf. [14, Theorem 11.2.10]), then one can ask if there exists some partial structure that is the dual of a partial module algebra extending the concept of module coalgebra. In fact, it exists and it was introduced in the literature by Batista and Vercruysse in [5] . In that same paper, besides the authors define partial module coalgebras, they also exhibit some examples and present certain relations of these new structures with the others partial structures. Definition 3.6 (Partial module coalgebra). A coalgebra C is a right partial H-module coalgebra, via the linear map ↼ : C ⊗ H → C, if the following properties hold, for all g, h ∈ H and c ∈ C:
). A partial module coalgebra is said to be symmetric if the following additional condition holds:
One can define left partial module coalgebra in an analogous way. 
for all h ∈ H and c ∈ C.
Proof. Supposing that ε C (c ↼ h) = ε C (c)ε H (h), since C is a right partial H-module coalgebra, we just need to show the property (MC3). Let c ∈ C and h, k ∈ H, then
Hence, C is a module coalgebra. The converse follows from Proposition 3.2.
The definition of right partial H-module coalgebra can be extended to non-counital coalgebras as follows:
Definition 3.8. Let C be a (non necessarily counital) coalgebra and ↼ : C ⊗ H → C a linear map. We say that (C, ↼) is a right partial H-module coalgebra if, for all h, k ∈ H and c ∈ C:
The next result shows that these last two definitions coincide when the considered coalgebra is counital.
Proposition 3.9. If C is a counital coalgebra, then Definition 3.8 is equivalent to Definition 3.6.
Proof. First note that conditions (PMC1) and (PMC'1) are the same in both definitions.
Now suppose that C is a right partial H-module coalgebra in the sense of Definition 3.8. Then: (PMC2): Let c ∈ C and h ∈ H, so
(PMC3): Let c ∈ C and h, k ∈ H. Applying (ε ⊗ I) in both sides of (PMC'2), we have the desired result.
Analogously one can obtain (PMC4) from (PMC'3). Conversely, suppose that C is a right partial H-module coalgebra in the sense of Definition 3.6. Then:
(PMC'2): Let c ∈ C and h, k ∈ H, so
Analogously one can obtain (PMC'3) from (PMC4).
Now we would like to discuss about the existence of certain relation between right partial module coalgebras and left partial module algebras which is useful to construct a globalization for partial module coalgebras in the next section. Batista and Vercruysse considered a similar relation between these partial actions in [5] , using non-degenerated dual pairing between an algebra A and a coalgebra C. Here we consider a special case, where the considered algebra is the dual of a given coalgebra.
Proposition 3.10. Let C be a coalgebra and suppose that exists two linear maps
satisfying the following compatibility
Then C is a partial H-module coalgebra via ↼ if and only if C * is a partial H-module algebra via →.
Proof. Supposing that C is a right partial H-module coalgebra, then we have:
for all c ∈ C. Therefore C * is a left partial H-module algebra. The converse follows by a similar computation.
Remark 3.11. The existence of a linear map
implies the existence of a linear map
for all h ∈ H, α ∈ C * and c ∈ C. Clearly these two maps satisfy the Equation (1).
Remark 3.12. It is not clear to the authors if the converse of Remark 3.11 holds. However, it holds if C ≃ C * * via
In fact, given h ∈ H and c ∈ C consider ξ h,c ∈ C * * given by
Hence, we can define the linear map
that clearly satisfy the Equation (1).
Then by Remarks 3.11 and 3.12 we have the following statement:
* is a partial H-module algebra and C ≃ C * * via ∧, then C is a partial H-module coalgebra.
3.1.1. Examples and the induced partial action. Now we present some examples of partial module coalgebras.
Example 3.14. Every global right H-module coalgebra is a partial one.
Example 3.15. Let α be a linear map in H * , then k is a right partial H-module coalgebra via x ↼ h = xα(h), for all x ∈ k and h ∈ H, if and only if the following conditions hold:
Note that in this case we have
This example give us a way to produce structures of partial module coalgebra on the ground field k. Now we consider a special case of this last example.
Let G be a group and H = kG the group algebra which is, in fact, a Hopf algebra. Consider α ∈ kG * and let N = {g ∈ G| α(g) = 0}. Then k is a partial kG-module coalgebra if and only if N is a subgroup of G. In this case, we have that
In [5] , Batista and Vercruysse introduced the notion of partial action of groups on coalgebras, in the following way: a partial action of a group G on a coalgebra C is a family {C g , θ g } g∈G , where C g are subcoalgebras of C and θ g : C g −1 → C g are coalgebra isomorphisms such that (1) For each g ∈ G, there exists a comultiplicative map P g : C ։ C g such that
(2) C e = C and θ e = P e = I;
With the above definition, it was shown that a group G acts partially on a coalgebra C if and only if C is a symmetric partial left kG-module coalgebra [5, Theorem 5.7] . In this case,
. We now construct a partial action on a coalgebra starting from a global one. It is useful later when we show that every partial module coalgebra can be written in this way. Let D be a right H-module coalgebra and C ⊆ D a subcoalgebra. Since D is a right H-module, we can try to induce the desired partial action simply by restriction of the action of D on C. But we observe that the image of this restriction does not need to be contained in C and thus we need to project it on C. By this way, let π : D ։ C be a projection of D over C as vector spaces (i.e., π is a surjective linear map such that π • π = π) and consider the following map
where ◭ denote the right action of H on D. We need to find necessary conditions for this map to be a partial action of H on C. This is exactly what we do in the sequel.
, where the last equality holds because π is a projection.
Supposing that π is a comultiplicative map (i.e., ∆
For c ∈ C and h ∈ H, we have
To ensure that (PMC3) holds, we need to assume a technical condition on π.
for all d ∈ D and h ∈ H. Then, (PMC3): For h, k ∈ H and c ∈ C, we have
Hence, under the hypothesis above assumed, we have that C is a partial module coalgebra, so called the induced right partial H-module coalgebra. Thus, the above argumentation shows the following statement. 
Remark 3.17. Note that such above construction of an induced action on a coalgebra can look strange if we roughly compare it with the construction of a partial action on an algebra. In fact, in this early case it was assumed that the subalgebra A of a given module algebra B was also a unital right ideal of B in order to construct the induced partial action on A, which was done as follows: denoting by ⊲ the left action of H on B, then
One can easily see this multiplication as a projection in the following way
which is clearly a projection and a multiplicative morphism. Moreover, since A is a right ideal of B, then for all h, k ∈ H and a ∈ A one can easily show that
Thus, the induced partial action on an algebra could be seen as a multiplicative projection that satisfies the equality above. This point of view makes the definition of an induced module coalgebra in Proposition 3.16 more clear and related to the usual theory of partial actions.
With the construction of induced partial action we have the necessary tools to define a globalization for a partial module coalgebra. It is our next goal.
3.2. Globalization for partial module coalgebra. Inspired by Alves and Batista [3] , who first defined globalization for partial H-module algebras, and by Proposition 3.16 we present the concept of globalization for partial H-module coalgebras as follows.
From now on, given a left (resp., right) H-module M with the action denoted by ⊲ (resp., ◭), we consider the k-vector space H ⊲ M (resp., M ◭ H) as the k-vector space generated by the elements h ⊲ m (resp., m ◭ h) for all h ∈ H and m ∈ M . Clearly, it is an H-submodule of M . Definition 3.18 (Globalization for partial module coalgebra). Given a right partial H-module coalgebra C with partial action ↼, a globalization of C is a triple (D, θ, π), where D is a right H-module coalgebra via ◭, θ : C → D is a coalgebra monomorphism and π is a comultiplicative projection from D onto θ(C), satisfying the following conditions:
where ı ↼ is defined as in Proposition 3.16, for all h ∈ H, c ∈ C and d ∈ D.
Before to continue, we would like to observe some facts that can be derived from these conditions given above.
Remark 3.19. The first condition of Definition 3.18 says that we can induce a structure of partial module coalgebra on θ(C). The second one says that this induced partial action on θ(C) is equivalent to the partial action on C. The last one says that do not exists any submodule coalgebra of D containing θ(C).
The concept of globalization above defined was thought as a dual notion of the globalization defined by Alves and Batista in [3] . Thus, it would be interesting to explore a little more their relations, if any. This is what we study in the sequel.
Correspondence between globalizations.
Our next aim is to establish relations between the globalization for partial module coalgebras, as defined in 3.18, and for partial module algebras, as defined in [3] (see Definition 2.8). For this we use the fact that a partial module coalgebra C naturally induces a structure of a partial module algebra on C * . First of all, we recall from the basic linear algebra that given a linear map T : V → W we have the dual linear map T * : W * → V * , given by T * (f ) = f • T . Moreover, remember that T is injective (resp. surjective) if and only if T * is surjective (resp. injective). Also, if V and W are coalgebras, then T is a coalgebra map if and only if T * is an algebra map. Given a right partial H-module coalgebra C, it follows from Proposition 3.13 that the dual C * is a left partial H-module algebra in such a way that the involved partial actions respect the following rule:
for all α ∈ C * , c ∈ C and h ∈ H, where ↼ denotes the partial action of H on C and → denotes the correspondent partial action of H on C * . The same is true for (global) module coalgebras (cf. [14] ).
With the above considerations, take C a right partial H-module coalgebra, D a right H-module coalgebra, θ : C → D a coalgebra monomorphism and π : D → θ(C) a comultiplicative projection. Since θ is injective, hence we can construct a map θ
which is clearly a multiplicative monomorphism. So, by Proposition 3.13, we have the following properties:
(1) C * is a left partial H-module algebra;
(2) D * is a left H-module algebra.
Using this constructions, we obtain the next statement. Proof. Suppose that (θ(C) ◭ H, θ, π) is a globalization for C. Since ϕ is a multiplicative monomorphism, it follows that
Since the above equality holds for any α ∈ C * , we conclude that
Moreover, since Im(π) = Im(θ) = dom(θ −1 ), where dom(θ −1 ) means the domain of θ −1 , it follows that
(GMC2): Given α ∈ C * , h ∈ H and c ∈ C, then
Since α ∈ C * is arbitrary, we obtain that θ(c) ↼ h = θ(c ↼ h). Therefore, (θ(C) ◭ H, θ, π) is a globalization for C, and the proof is complete.
3.2.2.
The standard globalization. Now our next aim is to show that every partial module coalgebra has a globalization constructing the standard globalization.
Let C be a right partial H-module coalgebra and consider the coalgebra C ⊗ H with the natural structure of the tensor coalgebra. Consider the coalgebra monomorphism from C into C ⊗ H as the natural embedding
Clearly, ϕ is a well-defined linear map and, moreover, it is injective. Then consider the comultiplicative projection from C ⊗ H onto ϕ(C) given as follows
Clearly π is a well-defined linear map. From the property (PMC1) and since π(c ⊗ 1 H ) = ϕ(c), for all c ∈ C, one conclude that π is indeed a projection.
We claim that π is comultiplicative. Indeed, for c ∈ C and h ∈ H we have
With the above noticed we are able to construct a globalization for every partial H-module coalgebra.
Theorem 3.21. Every right partial H-module coalgebra has a globalization.
Proof. From Examples 3.4 and 3.5, we know that C ⊗ H is an H-module coalgebra, with action given by right multiplication in H. By the above noticed, we already have the maps ϕ : C → C ⊗ H and π : C ⊗ H → ϕ(C) as required in Definition 3.18. Then we only need to show that the conditions (GMC1) and (GMC2) hold.
(GMC1): For every h, k ∈ H and c ∈ C, we have
(GMC2): Let h ∈ H and c ∈ C, then
Moreover, by the definition of π, ϕ and ◭ it follows that ϕ(C) ◭ H = C ⊗ H. Therefore C ⊗ H is a globalization for C.
The globalization above constructed is called the standard globalization and it is close related with the standard globalization for partial module algebras, as we see below.
Given a right partial H-module coalgebra C one can construct the standard globalization (C ⊗ H, ϕ, π), as above and consider the multiplicative map
Thus, by the Theorem 3.20, we have that (H ⊲ φ(C * ), φ) is a globalization for C * , where the action on (C ⊗ H) * is given by
for every ξ ∈ (C ⊗ H) * , c ∈ C and h, k ∈ H. Now, consider the following algebra isomorphism given by the adjoint isomorphism
which is an H-module morphism. In fact, let h, k ∈ H, c ∈ C and ξ ∈ (C ⊗ H) * , so
and, therefore, Ψ is an H-module map. Moreover, composing Ψ with φ we obtain
where Φ : C * → Hom(H, C * ), given by Φ(α)(h) = h → α, for all h ∈ H and α ∈ C * , is the multiplicative map that appear in the construction of the standard globalization replacing A by C * (cf. [3, Theorem 1]). We finish this subsection by presenting a result that summarizes the above discussed.
Theorem 3.22. Let C be a right partial H-module coalgebra, then the standard globalization for C is dual to the standard globalization for C * as left partial H-module algebra.
Partial coaction on coalgebras
Comodule coalgebra is a dual notion of module algebra as well as comodule is a dual notion of module and coalgebra is a dual notion of algebra. Our aim in this section is to develop the theory of partial comodule coalgebras introduced by Batista and Vercruysse in [5] . In particular, we discuss about possible relations between the partial and the correspondent global structures. Also, some examples are constructed and, moreover, interesting properties of comodule coalgebras are pointed out. After that, we relate the four partial structures: partial module algebras, partial comodule algebras, partial module coalgebras and partial comodule coalgebras.
As the main purpose, we develop the notion of globalization for partial comodule coalgebras, defining the notion of induced partial coaction. We also show the relations among this new globalization and the others already defined, as well as we construct a globalization for partial comodule coalgebras under a certain condition of "rationality".
4.1. Partial comodule coalgebra. Given two vector spaces V and W , we write τ V,W to denote the standard isomorphism between V ⊗ W and W ⊗ V . We start with the following well known concept. 
In this case we say that H coacts on D via λ, or that λ is a coaction of H on D. We can also call it a global comodule coalgebra to differ explicitly from the partial one. We use the Sweedler's notation for coactions, in the following way
, where the summation is understood.
We can see the above definition in a categorical approach, in the following sense (cf. [14, Definition 11.
3.7]): a k-vector space D is a left H-comodule coalgebra if it is a coalgebra object in the category of left H-comodules.

By this categorical point of view, it is required an additional condition in Definition 4.1, that is, for all
Also in the context of coactions, exactly as it happens in the case of actions, when H is simply a bialgebra, then the above condition needs to be supposed as an axiom in the definition of comodule coalgebra over H. However, in the case when H is a Hopf algebra (and so it has an antipode) this extra condition is, in fact, a consequence from the others axioms of Definition 4.1, as shown in the next statement.
Proposition 4.2. Let D be a left H-comodule coalgebra in the sense of Definition 4.1, where H is a Hopf algebra. Then
Proof. Let d ∈ D, thus we have
Remark 4.3. From the above proposition it follows that one can define comodule coalgebra for non-counital coalgebras D in such a way that if the considered coalgebra D is counital, then both definitions coincide.
Now we exhibit some examples of comodule coalgebras.
Example 4.4. A Hopf algebra H is an H-comodule coalgebra via λ : H → H ⊗ H defined by
Example 4.5. Any coalgebra D is an H-comodule coalgebra via λ :
Example 4.6. If the Hopf algebra H if finite dimensional, then H * is an H-comodule coalgebra with structure given by λ :
are the dual basis for H and H * , respectively.
Example 4.7. Let C be a left H-comodule coalgebra with coaction map λ and D a coalgebra, then C ⊗ D is a left H-comodule coalgebra via λ ⊗ I D .
Definitions and correspondences.
The next aim is to construct some important examples and discuss some properties of partial comodule coalgebras. We describe some relations among the four partial structures. In particular, the relations discussed here are useful to construct a globalization for partial comodule coalgebras. We start with the following definition.
Definition 4.8 (Partial comodule coalgebra). Let C be a coalgebra and λ ′ : C → H ⊗ C a linear map. We say that C is a left partial H-comodule coalgebra via λ ′ , if the following conditions hold:
where ∇ : C → H is defined by ∇(c) = (I ⊗ ε C )λ ′ (c), for all c ∈ C. We say that C is symmetric if the following additional condition holds, for all c ∈ C: 
for all c ∈ C.
Proof. It follows directly from the definition of ∇ and (PCC2).
From Proposition 4.2, it follows that every comodule coalgebra is a partial comodule coalgebra, hence the last concept is a generalization of the first one.
Example 4.11. Every left H-comodule coalgebra is a left partial H-comodule coalgebra.
The next result give us a simple method to construct new examples of partial comodule coalgebras. The proof is straightforward and it will be omitted.
Then k is a left partial H-comodule coalgebra if and only if the following conditions hold:
(
Remark 4.13. Note that in the above case, h is an idempotent in H.
As an application of the above result, we present the next example.
Example 4.14. Let G be a group, λ ′ : k → kG ⊗ k a linear map with λ ′ (1) = x ⊗ 1, where x = g∈G α g g lies in kG, consider N = {g ∈ G | α g = 0} and suppose that the characteristic of k does not divides |N |. Then k is a left partial kG-comodule coalgebra via λ ′ if and only if N is a finite subgroup of G. In this case we have
otherwise.
The next result show us that the Equation (4) is a necessary and sufficient condition for a partial comodule coalgebra to be global. 
Proof. By Proposition 4.2, if C is an H-comodule coalgebra then ∇(c)
Conversely, note that, for all c ∈ C
which turns C into a left H-comodule coalgebra.
To relate these four partial structures, we firstly need to define the finite dual of a Hopf algebra. Let A be an algebra and consider the finite dual of A, defined by
which is a coalgebra with structure given by ∆ :
Whenever H is a Hopf algebra, thus its finite dual H 0 is a Hopf algebra too (cf. [14, Section 7.4]). We say that H 0 separates points if given h ∈ H such that f (h) = 0, for all f ∈ H 0 , then h = 0. Initially, we show that for a given coaction we can consider two induced actions, without any kind of restriction. Under the additional hypothesis that H 0 separates points, we show that partial comodule coalgebras, partial module coalgebras and partial module algebras are close related. Moreover, when H is finite dimensional, then all these partial structures are equivalent. Batista and Vercruysse have obtained similar relations, but in a different context, using dual pairings between algebras and coalgebras (cf. [5] ).
Given a coalgebra C and a linear map λ
for all c ∈ C, α ∈ C * and f ∈ H * . In this context, if C is a left partial H-comodule coalgebra via λ ′ , then we can restrict λ'
↼ and λ'
→ to the subspaces C ⊗ H 0 and H 0 ⊗ C * , respectively, obtaining the following statement.
Theorem 4.16. With the above notations, if C is a left partial H-comodule coalgebra via λ
′ , then we have that:
(1) C is a right partial H 0 -module coalgebra via
Proof. To prove the first item, we need to verify the conditions given in Definition 3.6. (PMC1): Let c ∈ C, then c λ'
Therefore, C is a right partial H 0 -module coalgebra with structure given by λ'
↼ . To prove the second item we need to show that the linear map λ'
→ satisfy the conditions given in Definition 2.6.
(PMA1): Let α ∈ C * , then
→ β)(c).
Therefore, C is a left partial H 0 -module algebra with structure given by
It is not clear if the converse of the above theorem is true in general, but whenever H 0 separates points it holds, as it is shown in the next theorem. (1) C is a right partial H 0 -module coalgebra via
Proof. Note that for every f ∈ H 0 , c ∈ C and α ∈ C * , we have
Then, by Propositions 3.10 and 3.13, it is clear that the items (1) and (2) are equivalent. By Theorem 4.16 it is enough to show that (1) or (2) implies (3). In fact, supposing that the item (1) holds, we obtain (PCC1): For any c ∈ C, we have
(PCC2): For any f ∈ H 0 and c ∈ C, we have
(PCC3): Take f, g ∈ H 0 and c ∈ C, so
Therefore, C is a partial H-comodule coalgebra with structure given by λ, as desired.
The above theorem can be translated in the following commutative diagram:
Theorems 4.16 and 4.17 show relations between partial comodule coalgebra, partial module coalgebra and partial module algebra, whenever we start from a partial coaction λ ′ . In general, we can not start from an action and induce a coaction. To do this we require a more strong hypothesis on H, more precisely, we assume that H is finite dimensional.
Note that, if H is finite dimensional, then H 0 = H * (and so H 0 separates points). Moreover, given a linear map ↼ : C ⊗ H * → C and assuming that {h i , h * i } n i=1 is a dual basis for H and H * , then we can induce a linear map λ
and it is clear that
for all c ∈ C and f ∈ H * . Thus, under the hypothesis that H is finite dimensional, we can induce a coaction of H on a coalgebra C from a given action of H * on C. We also know how to induce actions from coactions, therefore we can start from a right action ↼ of H * on C, and then to induce a left coaction λ ′ ↼ of H on C and, again, to induce a right action λ ′ ↼ ↼ of H * on C. After this process we retrieve the original action ↼, i.e., λ ′ ↼ ↼=↼. Analogously, we can repeat these constructions but now starting from a coaction λ ′ and we will have that λ where the relations between the correspondent actions and coactions are given in the following way, for any c ∈ C, α ∈ C * and f ∈ H * :
where λ ′ : c → c −1 ⊗c −0 and ρ ′ : α → α +0 ⊗α +1 are the partial coactions on C and C * , respectively.
After Theorem 4.18, we can extend the Diagram (9) to the following commutative diagram, under the hypothesis that the Hopf algebra is finite dimensional:
Now, we discuss about the existence of a globalization for a partial comodule coalgebra as done in Section 3 for partial module coalgebras. This is the subject in the sequel.
4.2.
Globalization for partial comodule coalgebras. Our main goal now is to introduce the concept of globalization for partial comodules coalgebras. Following the same steps already made in the case of partial module coalgebras, we need previously introduce the notion of induced partial coaction. Thus, we start discussing about conditions for the existence of an induced partial coaction.
Let D be a left H-comodule coalgebra via λ :
In order to induce a coaction of H on C we can restrict the coaction of D to C, but, in general, we do not have that λ(C) ⊆ H ⊗ C. Thus, we need to take a linear map π : D → C and then consider the following composite map
Now we need to find sufficient conditions on π in order to C be a left partial H-comodule coalgebra structure via λ ′ . To do this, we study the conditions given in Definition 4.8. We keep denoting λ ′ (c) = c −1 ⊗ c −0 , even λ ′ been simply a linear map. First of all, observe that if π is a linear projection from D onto C, then λ ′ satisfies the condition (PCC1). In fact, given c ∈ C, we have
where the last equality holds since π is a projection (and so π(c) = c, for all c ∈ C). Supposing now that π is a comultiplicative map (i.e. ∆ • π = (π ⊗ π) • ∆) then it follows that λ ′ satisfies the condition (PCC2). In fact, let c ∈ C, so
Recall that in the definition of the induced partial module coalgebra, the comultiplicative projection satisfies a special condition, namely the Equation (2). The same occurs in the setting of partial comodule coalgebras, as shown below. In order to ensure that the condition (PCC3) is satisfied by λ ′ , we need to assume the following condition on π, for all d ∈ D:
Thus, supposing that π satisfies (16) we have that, for all c ∈ C
Therefore, given D a left H-comodule coalgebra, C a subcoalgebra of D and π : D → C a comultiplicative projection satisfying the Equation (16), we have that C is a partial H-comodule coalgebra, called the induced partial comodule coalgebra, with partial coaction given by the Equation (15) . We summarize the above discussion in the next result. We are now able to define a globalization for a partial comodule coalgebra, as follows.
Definition 4.20 (Globalization for partial comodule coalgebra). Let C be a left partial Hcomodule coalgebra. Then a triple (D, θ, π) is a globalization for C, where D is an H-comodule coalgebra, θ is a coalgebra monomorphism from C into D and π is a comultiplicative projection from D onto θ(C), if the following conditions hold:
(GCC2) θ is an equivalence of partial H-comodule coalgebra;
(GCC3) D is the H-comodule coalgebra generated by θ(C).
Remark 4.21. The first item in Definition 4.20 tell us that it is possible to define the induced partial comodule coalgebra on θ(C). The second one tell us that this induced partial coaction coincides with the original, and this fact is translated in the commutative diagram bellow:
Moreover, the second condition can be seen as
Finally, the last condition of Definition 4.20 tell us that there is no subcomodule coalgebra of D containing θ(C).
Before to construct a globalization for a partial comodule coalgebra, we show its relation with the globalization for a partial module coalgebra defined in Section 3.
Correspondence between globalizations.
Let C be a left partial H-comodule coalgebra, so from Theorem 4.16 we can induce a structure of right partial H 0 -module coalgebra on C. The same is true for a (global) comodule coalgebra, of course inducing a (global) H 0 -module coalgebra. Therefore, given a globalization (D, θ, π) for C, one can ask: Is there some relation between D and C when viewed as H 0 -module coalgebras (global and partial, respectively)? Here we study a little bit more these structures in order to answer this question. The notations previously used are kept.
Let λ ′ : C → H ⊗ C be a partial coaction of H on C and suppose that ((D, λ), θ, π) is a globalization for (C, λ ′ ). From Theorem 4.16, we have that C is a right partial H 0 -module coalgebra with partial action given by
for all c ∈ C and f ∈ H 0 , and the same is true for D, i.e., we have a structure of
for all d ∈ D and f ∈ H 0 . Since θ is a coalgebra monomorphism from C into D and π is a comultiplicative projection from D onto θ(C), in order to induce a structure of partial H 0 -module coalgebra on θ(C) we just need to check that the Equation (2) holds. For this, let d ∈ D and f ∈ H 0 , so
and the required is accomplished. Now we show that θ is a morphism of partial actions. In fact, let c ∈ C, so
The next result gives us conditions for the existence of a globalization for C viewed as partial module coalgebra. Proof. From the discussion above, we just need to show that the condition (GMC3) in Definition 3.18 holds. Let M be any H 0 -submodule coalgebra of D containing θ(C). We need to show that M = D and for this it is enough to show that M is an H-subcomodule coalgebra of D.
Take f ∈ H 0 , m ∈ M , and consider {h i } a basis of H. Let {h * i } be the set contained in H * whose elements are all the dual maps of the h i 's. Then write λ(m) ∈ H ⊗ D in terms of the basis of H, i.e., In the above situation, we say that M is a rational H 0 -module if ϕ(M ) ⊆ γ(H ⊗ M ). Notice that, given a rational H 0 -module M we have on it a structure of H-comodule via λ :
This definition can be seen pictorially in the following commutative diagram:
Hom(H 0 , M )
From Theorem 4.22, it follows that exists a natural way to look for a globalization for a partial coaction of H on C, which consists in to consider the structure in the standard globalization for the related partial action of H 0 on C, under the hypothesis that H 0 separates points. Thus, given a left partial H-comodule coalgebra (C, λ ′ ) we have from Theorem 3.21 that (C ⊗ H 0 , θ, π) is a globalization for the partial action of H 0 on C. At this point we would like to get that C ⊗ H 0 is an H-comodule coalgebra but, in general, this may be false. In order to overcome this problem we need to assume that C ⊗ H 0 is a rational H 0 -module. In this case, we have that C ⊗ H 0 is an H-comodule with coaction satisfying the Equation (19), i.e., in this situation, we have the following rule, for any c ⊗ f ∈ C ⊗ H 0 and g ∈ H 0 ,
Therefore, similarly to Theorem 4.17, C⊗H 0 is an H-comodule coalgebra. Thus, keeping the notation used before, we already know that θ : C → C⊗H 0 is a coalgebra map and π : C ⊗ H 0 ։ θ(C) is a comultiplicative projection. Finally, we are in position to obtain a globalization for a left partial H-comodule coalgebra, as follows. Proof. By the above discussion, we can show directly that the conditions (GCC1)-(GCC3) hold. Let c ⊗ f ∈ C ⊗ H 0 , and any g ∈ H 0 , so
Since H 0 separates points, the condition (GCC1) is satisfied. To prove the condition (GCC2) take c ∈ C and note that Since H 0 separates points, θ is an equivalence of partial coactions, i.e., (GCC2) holds. Finally, to show that C ⊗ H 0 is generated by θ(C), consider a subcomodule coalgebra M of C ⊗ H 0 containing θ(C). By Theorem 4.16, M is an H 0 -submodule coalgebra of C ⊗ H 0 containing θ(C). Thus, it follows from condition (GMC3) that M = C ⊗ H 0 . Therefore C ⊗ H 0 is a globalization for C as a partial H-comodule coalgebra.
The globalization above constructed is called the standard globalization for a partial comodule coalgebra.
Remark 4.24. When the Hopf algebra is finite dimensional, H 0 = H * and so it separates points. Furthermore, in this case C ⊗ H * is a rational H * -module with coaction given by
where 
